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Defects on inertial confinement fusion capsule surfaces can seed hydrodynamic instability growth
and adversely affect capsule performance. The dynamics of shocks launched during the early period
of x-ray driven National Ignition Facility (NIF) implosions determine whether perturbations will
grow inward or outward at peak implosion velocity and final compression. In particular, the strength
of the first shock, launched at the beginning of the laser pulse, plays an important role in determining
Richtmyer-Meshkov (RM) oscillations on the ablation front. These surface oscillations can couple to
the capsule interior through subsequent shocks before experiencing Rayleigh-Taylor (RT) growth.
We compare radiation hydrodynamic simulations of NIF implosions to analytic theories of the
ablative RM and RT instabilities to illustrate how early time laser strength can alter peak velocity
growth. We develop a model that couples the RM and RT implosion phases and captures key features
of full simulations. We also show how three key parameters can control the modal demarcation
between outward and inward growth.

I. INTRODUCTION

Understanding the hydrodynamic mixing of inertially confined fusion capsules is an important aspect of achieving
ignition and gain on the National Ignition Facility (NIF) [1-3]. In particular, perturbations initially on the capsule
ablator surface can grow and penetrate the interior of the capsule. Should such material reach the centrally forming
deuterium-tritium (DT) hotspot, it could cool the center and threaten ignition. Indeed, by measuring the radiation
emitted during capsule compression and burn, experiments on NIF have found evidence of ablator material reaching
the hotspot [4, 5]. That is, mix occurs in NIF capsules. The salient issues are why, how much, and how to control it.

Mix in NIF implosions is driven by the interaction of multiple hydrodynamic instabilities, in particular, the shock-
driven Richtmyer-Meshkov (RM) [6, 7] and the acceleration-driven Rayleigh-Taylor (RT) [8, 9] instabilities. When
a capsule surface defect is shocked, it sends a rippled shock into the interior of the capsule. This rippled shock can
imprint itself on the interface between the fusion fuel and the ablator material, where the RM instability causes the
now-rippled interface to grow. The complication is that NIF designs incorporate multiple (typically 2-4) shocks [10].
As the perturbation on the fuel-ablator interface is growing, the shaped laser pulse launches additional shocks into
the capsule, which each re-shock the interface. After the shocks, the laser power increases, and the capsule rapidly
compresses. This strong acceleration can make the system unstable to RT growth, which will amplify any perturbations
seeded by the shocks. By peak implosion velocity, RT is expected to amplify RM-seeded perturbations by several
thousand times.

Experiments on NIF implosions have shown that during capsule acceleration the growth of artificially large pertur-
bations (10x larger than typical) is linear or only weakly nonlinear [11]. Therefore, a useful metric for the early phase
growth of surface perturbations is the linear regime growth factor [12-14], which is the ratio of the amplitude of a
perturbation at the time of peak implosion velocity relative to its initial seed amplitude. These are often calculated
by radiation-hydrodynamic simulations of either single linear eigenmodes or multi-mode perturbations decomposed
into linear eigenmodes. Although the simulated perturbations are small enough to remain linear during the entire
simulation, the convolution of their linear growth factor with a measured capsule surface has been shown to closely
follow the results of three-dimensional (3D) nonlinear simulations of realistic surface growth [15]. During capsule
deceleration, however, the 3D simulations can become highly nonlinear, and possibly inject ablator material into the
forming hotspot. But prior to this time, a linear analysis does well to capture the evolution of realistic perturbations.

Because both experiments on artificially large perturbations and 3D simulations of realistic perturbations tend to
follow linear behavior, the linear growth factor is a reasonable and economical way to estimate the expected growth of
capsule perturbations during acceleration. Therefore, the growth factor can be used to set engineering specifications
on capsule finishes [10]. In this analysis, the sign of the growth factor is important for determining the threat level of a
particular capsule defect. If the growth factor is positive, an initially outward surface defect will predominantly grow
outwards during the implosion. However, if the sign is negative, that defect can invert, penetrate into the capsule
interior and push towards the central hotspot. The same is true for inward surface defects that have a positive growth
factor. Such inward going growth is thought to be much more threatening to ignition, because it brings ablator
material in towards the DT fuel.

Simulations of isolated defects only mix ablator material into the implosion hotspot during stagnation if they have



grown inward and penetrated the dense shell prior to interacting with the returning stagnation shock. In such cases
the rebounding shock can collide with the penetrating jet and cause it to turbulently mix with the surrounding
DT. While this deceleration growth process is nonlinear (due to the re-shocking by the return shock), the growth
of the defect until peak fuel velocity tends to remain linear. A surface defect that linearly grows inward during
capsule acceleration is more likely to bring ablator material into the forming hotspot during capsule deceleration
and stagnation. Specifically, the larger the linear growth of the defect during acceleration, the more likely it is to
nonlinearly mix into the hotspot during deceleration. That is, the amount of ablator material that a particular surface
defect can bring into the hotspot depends on the initial size of the defect, its modal content and its growth factor.
Capsules are accepted or rejected in part by the simulated sum of all the penetrating material from all of their defects.
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FIG. 1: Histogram of capsule surface defect sizes for all THD and DT NIF shots N110603-N120920.

Figure 1 shows a histogram of all of the isolated capsules defects found on all NIF DT and THD capsules shot during
the National Ignition Campaign between June 3, 2011 and September 20, 2012. The defect amplitude (height) can
be either positive (facing outward) or negative (facing inward). The ratio of the capsule radius to the defect diameter
gives an estimate of the defects’ approximate modal content. The vast majority of defects are positive, outward facing
bumps, with a width distribution centered around roughly 1/40 the capsule radius (or about 30 pm). In fact, there
are very few negative defects at these lower modes. At higher modes, the distribution is more symmetric around a
small amplitude (the sharp horizontal boundaries indicate instrumental resolution; defects below this size are counted
as general surface roughness and not isolated defects).

Since growth factor curves have been shown to accurately characterize the growth of these isolated defects, it is
important to understand the features and behaviors of growth factor simulations. Simulated peak velocity growth
factor curves for NIF designs tend to be positive at lower modes and negative at higher modes [10]. The location
of this transition has implications, because of all of the defects represented in Figure 1, only those whose product of
their amplitude and growth factor is negative are thought to contribute to mix. That is, the vast majority of defects,
with the lower modal content, are presently calculated to benignly grow outward. Implosion features that move the
positive-negative growth factor boundary have the potential to significantly alter the amount that a capsule mixes.

One such feature is the strength of the first shock, as determined by the amplitude of the first part of the laser
drive, the “picket.” In developing the NIF point design, one goal was to keep the growth factor curve positive for
lower modes. When experimenting with different laser pulses, it was found [12, 14] that increasing the strength of the
first shock moved the positive-negative growth factor transition from higher modes to lower modes. A higher picket
meant that more of the lower-mode bumps would have negative growth factors, invert and grow into the capsule. For
this (and other) reasons, the design team settled on a lower first shock strength, which kept negative growth factors
at higher mode number.

While the sensitivity of the “growth factor zero” location at peak velocity was speculated to be due to different
early-time RM physics, the exact mechanism for the change was largely left unexplored. In an attempt to better
understand growth factor simulations, this work bridges the gap between the launch of the first shock and peak



implosion velocity and investigates how altering the laser picket in growth factor simulations changes the temporal
evolution of the RM and RT instabilities. We focus on the RM/RT-driven short wavelength perturbations, which are
distinct from the longer wavelength perturbations driven by hohlraum radiation asymmetries. These low modes are
also very important and can substantively harm performance [16] but are driven by a different mechanism. In essence,
we find that the first shock sets up an ablative RM perturbation, from which subsequent shocks are launched. The
later shocks carry that surface perturbation into the capsule. This process strongly couples the growth at the ablation
front with the growth on interior capsule surfaces, even before RT growth sets in.

Section II details our simulation methodologies, the results of which appear in Section III. We compare the
simulation results to existing analytic theory in Section IV, in which we also develop a model for coupled RM-RT
growth. Section V contains a summary of the present and future work.

II. METHODOLOGY

To investigate how the first shock changes growth factors at peak velocity, we simulate the growth of the Revh
Germanium-doped CH NIF capsule [10], a schematic of which appears in Figure 2. Growth factor simulations are done
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FIG. 2: A schematic of the Rev5 capsule with a CH ablator and Ge doped layers.

with the radiation hydrodyamics code HYDRA [17]. We compare three laser pulses, each characterized by a frequency
dependent source, the radiation temperatures of which are shown in Figure 3. The solid line is a low picket version, the
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FIG. 3: Radiation temperatures for the three laser pulses with a low, nominal and high picket. Inset: zoom of the pickets for
the three pulses.

dashed line is the nominal Revb point design, and the dash-dot line is a high picket version. The low and high versions
have had the launch times of shocks 2-4 shifted to give similar one-dimensional capsule performance. As shown in
Figure 4, the first three shocks all coalesce near the ice-gas material interface and send a strong rarefaction fan back
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FIG. 4: Lagrangian shock plots of the logarithmic radial derivative of pressure for the three laser pulses with a low, nominal
and high picket. The thick lines mark the locations of the gas-ice and ice-ablator interfaces.

towards the ablation surface. The fourth shock is timed to enter the fuel as the leading edge of that rarefaction fan
enters the ablator. In all cases, a strong inward-going pressure wave emerges from the reflection of this fan off the
ablation surface, turning into a fifth “shock” that can be seen transiting the DT ice layer at roughly 19 ns for the
nominal picket.

The effects of these different laser pulses can be seen in Table I, a comparison of RT-relevant one-dimensional
parameters at the time of peak implosion velocity. Within uncertainties, which are estimated from temporal resolution,
the three laser pulses’ one-dimensional parameters are comparable.

TABLE I: Comparison of RT-relevant one-dimensional implosion parameters for the three laser pulses at peak velocity. Uncer-
tainties are estimated from finite simulation time resolution.

Picket Strength Low Nominal High|Uncert.
Time of Peak Velocity [ns] 21.90  21.05 19.75|%0.05
Implosion Velocity [km/s] -366.0 -367.0 -367.0|£0.5
Fuel Entropy [kJ/g/eV] 465 460  470|£5
Ablation Front Scale Length [pm] 12 11 10|+4
Fuel-Ablator Atwood Number 0.13 0.14 0.12{+£0.01
Fraction of Ablator Mass Remaining 0.109 0.109 0.109|+0.002

The HYDRA growth factor simulations are all capsule-only simulations in cylindrical geometry of either single
Legendre mode perturbations or multi-mode polar Gaussian bumps on the surface of the CH ablator. Diffusion is
used for radiation transport, and the simulations remain Lagrangian through peak implosion velocity.

Growth factors are defined in terms of the Lagrangian radial amplitude perturbation. That is, we determine the
perturbation dr at the radial mass coordinate r,,, angle # and time ¢ as the deviation from the average amplitude for
all cells at the same radial mass coordinate r,,:

In the case of a single mode of number [, the growth factor at mass coordinate r,, and time t, n(l,r,,t), is
B Or(rm, /2 — w/\/I(L+1),t) = 6r(rm,7/2,1)
6r(re,m/2 — 7/ /Il +1),0) — 67(re, 7/2,0)

n(l, 7, t) (2)



The capsule outer surface is initially at a radius r., perturbed as a cosine from 7/2 to 7/2 — w/+/I(l + 1) radians.
Each single mode has an initial amplitude of 1/100 nm and contains 32 angular zones. The capsule is divided into
600 radial mass zones.

Multi-mode simulations are first decomposed in terms of Legendre modes and the amplitude of each mode compared
to the amplitude of that mode at the capsule surface at the beginning of the simulation. The amplitude C' of mode [
at 7, and time t is

_2+1

Ot rt) = 251 / 5r(rm, 0, 1) Py(cos 0)d(cos ), 3)

where P, is the | Legendre polynomial. The growth factor for mode [ is

C(l,rm,t)
C(l,re,0).

The Gaussian bumps have an initial height of 10 nm and width of 30 um on the surface of the capsule, at mean

radius 1108 um, so that
110877
dr(re,0,0) = 10 exp (— {0} > nm. (5)

0,1, t) = (4)

30

The angular resolution is 512 zones over 30 degrees, but the bump simulation does not have equal angular resolution
for each mode. At this resolution, a Legendre mode ! spanning 180/1 degrees would contain 3072/1 zones. As the mode
number increases, the resolution for that mode drops, and a single Legendre mode calculation is better representative
of the linear growth factor.

Growth Factors at Peak Velocity
Nominal Laser Pulse

Ablation Front

1000 . .
|
S 500 g° I
b ’ =] I
L 0 . A\ Il
S i i
2 \ I
o L] u
B —-500} 'm i
‘u m,
7
~1000 L NN
Fuel-Ablator Interface
1000 I T T
7
S 500} ¢ M
® PYup “.\ Y/ 1
(18
E 0 “‘—. L4
g ‘s .- B g E
o —500F
—-1000 ' ' '
0 50 100 150 200

Legendre Mode

FIG. 5: Growth factor spectra at the ablation front (top) and the fuel-ablator interface (bottom) at peak velocity for the
nominal picket pulse. The dashed line is from a simulation of a 30-degree multimode Gaussian bump decomposed in Legendre
mode, and the squares are from single Legendre mode calculations. The single mode and multimode calculations agree for
modes less than approximately 140.

Figure 5 shows the growth factor spectra on the ablation surface (as defined as the location of the maximum radial
logarithmic derivative of the radiation temperature) and the fuel-ablator interface at the time of peak velocity for
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FIG. 6: Peak velocity growth factor spectra at the ablation front and fuel-ablator interface for the three capsule drives

the nominal picket drive. These spectra show that the bump simulations diverge from the single mode simulations
at modes higher than approximately 150, and that both methods for calculating the growth factor agree at mode
numbers below this threshold. Figure 5 also shows that the boundary conditions do not appreciably alter the single
mode or the multimode bump growth factor simulations, because the bump simulations that can resolve multiple
interacting modes on its thirty-degree angular domain agree with the single mode calculations of varying angular
widths that inhibit coupling to longer-wavelength modes. (A convergence study showed that although simulations on
a fifteen-degree domain showed some interaction with the domain boundary, the bump remained isolated from the
boundary in a thirty-degree domain.) The agreement in Figure 5 comes not only from the wide angular domain and
high angular resolution of the multimode simulation, but also from the small 10 nm initial bump perturbation.

III. SIMULATION RESULTS

The strength of the laser picket can influence peak-velocity growth factors at both the ablation front and the fuel-
ablator interface. Figure 6 shows the growth factor spectra for the three capsule drives. Higher pickets have zero
growth at lower mode number. The drive with the low laser picket has positive growth for modes below ~ 90, while
the high picket drive has positive growth for modes below ~ 60. This zero-crossing location is the same at both the
ablation front and the fuel-ablator interface, and the growth is larger for all modes at the ablation front than at the
fuel-ablator interface.

However, the growth factor spectra seen at peak velocity are not the same as found earlier in the implosion. Growth
factors during the capsule implosion are very dynamic, changing dramatically between the launch of the first shock
and the time of peak implosion velocity. This is true for all three laser pulses, and the same patterns appear in the
nominal Rev) design as do in the other pulses.

Figure 7 shows the evolution of the growth factor at the ablation front in both mode number and time for the
multimode simulation of the nominal laser pulse. The temporal evolution is divided into two epochs. The first, before
the dotted line at 18 ns, involves a gradual sweeping of the growth factor zero location, marked by the solid black
line, from higher mode number at early time to lower mode number at later times. Modes to the right of this line
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up to 20 ns (left) and a zoom of late times (right). The thick black line marks the zero contour, and the dotted line marks the
time when the leading edge of the ice-gas rarefaction fan returns to the ablation front.

have a negative growth factor, while modes to the left are positive. The brief changes in the zero location at 13, 15
and 17 ns correspond to the launching of the second, third, and fourth shocks.

As seen in Figure 4, shocks 1, 2 and 3 combine into a strong shock, which creates an outward going rarefaction
fan when it enters the DT gas. At the time indicated by the dotted line, the leading edge of this fan reaches the
ablation surface. After this time, the growth factor zero changes trajectories and starts to move towards higher mode
number. At late times (¢ > 19 ns), the sign of the growth factor is fixed for all modes until peak velocity. But the
growth factor that appears at the ablation surface at peak velocity does not settle until very late in the implosion. It
is worth noting that, as compared to the growth factors at peak velocity in Figure 6, these early time growth factors
in Figure 7 are very small, but their signs match those that appear at peak velocity.

The trajectory of the zero-growth contour depends on the laser picket. Figure 8 shows the demarcation between
positive and negative growth for the three capsule drives. All trajectories show the same dual-epoch behavior,
separated by the return of the ice-gas rarefaction. Additionally, increasing the laser picket moves the zero-contour
trajectory to lower mode numbers during the entire implosion, not just at peak velocity. All pulses also show brief
periods of positive growth (near mode 140, for ¢ > 15 ns), which appear after the launch of shock 4, but disappear
before the end of the pulse.

The growth factor spectrum at the fuel-ablator interface is also temporally dynamic, as shown in Figure 9. The
first shock enters the DT fuel layer near 13 ns and imprints the fuel-ablator interface with a growth factor. Each
subsequent shock modifies the fuel-ablator growth factor as it transits the interface, and after the fifth shock, only a
single zero-crossing exists. This zero is near mode 70 and is the same mode that is on the ablation surface at peak
velocity. However, the zero mode is fixed at the fuel-ablator interface when shock 5 transits, before 19 ns (shock 4’s
transit near 18.5 ns fixes the lowest modes’ sign, but the higher modes continue to evolve until shock 5 passes), but
Figure 8 shows that the zero at the ablation surface continues to evolve until close to 19.5 ns. That is, shock 5 sets
and fixes the sign of the growth factor at the fuel-ablator interface before the growth factor sign is settled at the
ablation surface.

Just as the growth factors at the fuel-ablator interface change with shock transit, so do the growth factors at other
parts of the capsule interior. Figure 10 shows snapshots of the DT ice and ablator for the high and low picket cases
by plotting the growth factor as a function of Lagrangian radius at the launching of shocks 2, 4 and 5, as well as at
peak velocity. The vertical lines mark the boundaries of the ablator, from the fuel-ablator interface on the left to the
ablation front on the right. Numbers identify transiting shocks.
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Shocks 2, 4 and 5 are all launched from ablation surfaces with growth factors that are more positive for the low
picket pulse than for the high picket pulse. In both cases, shock 2 [as seen by the labeled discontinuities in panel
(b)], reduces the growth factor set up by shock 1 (that is, it adds negatively to it), but the change is greater for the
high picket pulse (of about —0.5) than for the low picket pulse (of less than —0.1). Shock 4 also changes the growth
factors in the capsule, so that by the time of the shock 5 launch [panel (c), corresponding to the start of main shell
acceleration| the capsules exist in two different states: near zero for the high picket case and positive for the low picket
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FIG. 10: Growth factors as a function of radius for mode 60 at different times for the low picket (solid) and high picket
(dash-dot) pulses. Dotted lines mark the extent of the ablator, from the fuel-ablator interface on the left to the ablation surface
on the right. Numbers identify transiting shocks.

case. This pattern carries through to peak velocity [panel (d)], by which time mode 60 grows to be very large for the
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low picket, but remains near zero for the high picket.

In essence, the simulations show that shocks launched from the ablation surface collectively perturb the capsule
interior. During the main acceleration phase the ablation front moves through a perturbed capsule interior, which is
not necessarily perturbed in the same fashion as the ablation surface. Changing the laser early in time changes how

the shocks alter the state of the capsule interior later in time.
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IV. COMPARISON TO ANALYTIC THEORY

One can interpret the behavior of the growth factor simulations in the context of analytic RM and RT theory, as
applied to inertial confinement fusion targets.

Figure 9 shows that the fuel-ablator interface is initially perturbed by an oscillatory pattern when transited by
shock 1. An initially uniform shock will oscillate with a frequency that depends on its mode number and the post-
shock sound speed. In the strong shock limit in planar geometry [18], the growth factor 7 of a single mode k evolves
according to

(6)

where ¢, is the post-shock sound speed, and (1) is the shock’s initial growth factor, which is 1 for the first shock.
For our simulations, the post-shock sound speed is approximately 10 — 15 gm/ns. To connect the planar result, Eq. 6,
to cylindrical geometry, let k = /R, where R =~ 1100 is the capsule radius. Figure 11 plots the simulated nominal
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FIG. 11: Simulated growth factor of a characteristic following shock 1 (a) and theoretical shock oscillations (b) for the nominal
picket drive.

drive growth factor of a characteristic following shock 1 alongside the theoretical early-time RM oscillations of the
first shock, assuming a fixed value of R. Like the growth factor along shock 1 in the nominal picket simulation, the
theoretical result oscillates with a period of about 2 ns, and damps at roughly the same rate, despite the assumption
of fixed R. In other words, the shocks in our simulations evolve in a manner that is consistent with RM shock
oscillations. Equation 6 can estimate the growth factor of each shock, assuming a given initial state no(l), as set by
the ablation surface.

Unlike the shocks, the RM oscillations on the ablation surface are partly stabilized by mass ablation. Those
oscillations are stabilized by the “dynamic overpressure” of modulations in the blow-off plasma [18]. The full ablative
RM theoretical description of the early-time growth at the ablation front is given by narm, as described by Eq. A24.
For approximations that are valid for our simulations (see Appendix), the ablative RM growth factor becomes explicitly
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The important parameters determining the growth at the ablation front are the post-shock sound speed, cg, the
ablation velocity V, and the velocity of the blow-off plasma V},. J,, are Bessel functions. The blow-off velocity depends
on the ablation velocity, the wave number, the width of the ablation front Ly and the conduction exponent v:

Va

Vp= ——*.

(8)

where

@/ 012
S (YR ¥

I'(x) is the Gamma Function, and for radiation-driven systems, v ~ 1 — 1.5, so p =~ 2.1 — 1.4. The ablation velocity,
conduction exponent and ablation front width can be found by applying the fitting procedure outlined in Ref. [19] to
one-dimensional simulations.

During the laser trough, until the launch of the second shock, the ablation front widths are roughly constant. Time-
averaged values, (Lg), are roughly 0.85, 1.0 and 1.15 pm for the low, nominal and high picket pulses, respectively.
Also during this time, the conduction exponent is constant, with v ~ 1.3 for all picket values. Additionally, the
time-averaged ablation velocities during the laser foot (combined picket and trough) vary with the picket strength.
For the low, nominal and high pickets (V) ~ 0.75, 1.0, and 1.25 um/ns, respectively. Figure 12 shows the blow-off
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velocities as a function of mode number during the trough of each laser pulse, as calculated by Eq. 8 with the above-
mentioned values of (Lg), v and (V). The higher the picket strength, the greater the blow-off and ablation velocities
during the early stage of the implosion. Additionally, the stronger pickets set up larger post-shock sound speeds, with
¢s ~ 13.5, 15.5, 17.0 pm/ns for the low, nominal and high pickets.

In total, the different sound speeds, blow-off and ablation velocities change the analytic ablative RM growth factor.
Figure 13 shows the zero contours of the ablative RM growth factor, as calculated by Eq. 7 for the three different
laser pickets with k = /R =1/1100 pum and assuming the values of (Lg), v, (V,) and ¢, that are valid during the laser
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FIG. 13: Growth factor zeros for ablative RM, as calculated by Eq. 7, for the three laser pickets.

trough. The analytic solutions track the results of the growth factor simulations quite well (as seen by comparing to
Figure 8).

Figure 13 shows that the shift of the growth factor zero from higher mode number to lower mode number with
increasing picket strength can be explained in part by the increased velocities during the ablative RM phase, as set
up by the stronger first shock. The oscillatory part of the ablative RM growth factor has a frequency w = kv/V, V4,
so the first growth factor zero appears in a time TgM ~ R/Iy/V,V;. This behavior explains the trajectories of the
growth factor zeros seen in the RM phase of the simulations. Higher mode numbers transition to negative growth
factors more quickly than do lower mode numbers. Increasing the ablation and blow-off velocities (as happens with
a stronger first shock and higher picket strength) causes all mode numbers to become negative sooner, which has the
net effect of shifting the growth factor zero contour to lower mode number.

Figure 13 also shows that the late-time evolution of the ablation front growth factor cannot be explained by ablative
RM alone. The simulations show that once the ablation front begins to accelerate the growth factor zero quickly moves
to higher mode number before locking in for the duration of the implosion. The ablative RM formula, Eq. 7, does not
capture this behavior.

After the rarefaction from shock 1 returns to the ablation front, the ablation front begins to accelerate and ex-
periences ablative Rayleigh-Taylor growth, which is a competition between an exponentially growing and decaying
solution:

n(k,t) = Ae" + Be . (10)

One approximation to the ablative Rayleigh-Taylor growth rate (k) for indirectly driven systems is [1, 2, 19]

] Atgk
’V(k) = m 1.4Vak, (].1)

which depends on the Atwood number A;, the ablation front acceleration g and the minimum ablation front scale
length L,, = Lo(v + 1)"*1/v¥. The constants A and B are determined by the initial conditions at the ablation front
at the onset of RT growth, at ¢ = tgr. These are ng(k) = n(k,t = tgr) and n|(k) = dn/0t(k,trr), so that

Aw = (m+2) (12)

=

o)
—
=

Il
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At the onset of RT growth, the ablation front has already undergone ablative RM oscillations, so that ng(k) =
narm(k, trr), as given by Eq. 7.

Ultimately, we are interested in the mode for which the ablation front growth factor is zero at the time of peak
velocity, tpeak, lo = koR, so that 1(ko, tpeax) = 0. Before peak velocity, the growing and decaying solutions compete,
but as ¢ — oo, the growing solution dominates. Therefore, the condition A(kg) = O determines ky. This can be
re-written as the condition x (ko) = —1, where

_ o
x(k) = o (14)

Equation 14 shows that the location of the growth factor zero at peak velocity depends on the growth factor before
acceleration begins, the change in growth factor at the start of that acceleration and the RT growth rate.

Setting Eq. 10 equal to zero and solving for ¢ gives the trajectory of the growth factor zero as a function of time
during RT growth:

TR (k) = - In [ii_l} + trr. (15)

Eq. 15 also shows that y(ko) = —1 determines the final growth factor zero, as To" asymptotes at k = ko. The salient
point is that the location of the growth factor zero at peak velocity depends uniquely on ¥, which is a function of the
state of the ablation surface at the end of the RM phase (1), the RT growth rate v and the perturbation given to
the ablation front at the start of peak acceleration, nj, ~ [n(trT + At) — n(trr)] /At = (1 — n0)/ At.

The time-dependent nature of the ablation surface complicates the analysis, since g ramps up over a finite period
of time before it reaches a ~ 1 ns long constant maximum of ~ 100 pm/ns?. This happens when the ablation front
is at lab-frame radius of approximately 800 pm. In order to use the constant-acceleration solution of RT growth

C?ange in Ablation Front Growth Factor
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FIG. 14: The change in ablation front growth factor as extracted from the three simulations during the first 0.1 ns of the RT
phase, so that 7o = (71 — n0) /(0.1 ns).

(Eq. 10), let us define the start of RT as the beginning of the constant peak acceleration. At this time R ~ 800 um
and g ~ 100 pm/ns?. The ablation velocity is 14 pum/ns. Since the density gradient scale lengths for these designs
are small (~ 10 pm), we ignore the L,, term in the growth rate. Under these circumstances, we can estimate the
trajectory of the late-time growth factor zero crossing with Eq. 15, using 79 and 7(, from the simulations at this time
as initial conditions. Figure 14 shows njAt from the simulations using At = 0.1 ns.

Figure 15 shows the growth factor zero crossing trajectories as extracted from each of the simulations as well as
calculated with Eq. 15. The agreement in all three cases strongly suggests that Eq. 15 is a good estimate for the
growth factor zero trajectory. It also suggests that x = —1 gives the correct mode number for the peak velocity growth
factor zero. Therefore, the peak velocity growth factor zero location depends only on 79 (which can be described by
Eq. 7 at t = tgr), v (Eq. 11) and n.

Taken together, Figures 13 and 15 illustrate that the behavior of the ablation surface can be described by RM growth
early in time and RT growth late in time. The return of the ice-gas rarefaction to the ablation surface separates these
two time periods.

The influence of the capsule interior is necessary to bridge the gap between the end of RM growth and the start of
RT growth. The growth factor simulations show how shocks launched from the ablation surface collectively combine
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FIG. 15: Theoretical and simulated growth factor zeros as a function of time beginning at the start of peak acceleration for
the three laser pickets. Thin lines are from the simulations, thick lines are Eq. 15.

and perturb the region within the ablator (between the ablation surface and the fuel-ablator interface). During the
main acceleration phase the ablation front enters and interacts with this pre-perturbed capsule. We make the ansatz
that this interaction determines 7y, which is given by the difference in the perturbed ablator and the perturbed
ablation front during acceleration over a time period given by the magnitude of the RT growth rate. Furthermore,
we suppose that the perturbation inside the ablator is the sum of n perturbed shocks that are launched from the
ablation surface and that oscillate for some time until they reach the location inside the capsule where the ablation
surface will be at peak acceleration.

Given these assumptions we can develop a model for the ablation front growth factors at all times. Before the launch
of the final shock at time ¢}, the growth is given by the ablative RM oscillations (Eq. 7) as set up by the first shock.
After this time, the ablation surface evolves according to the ablative RT equations (Eq. 10) with initial conditions
given by the state of the ablation front at the final shock launch time and by the interior capsule perturbation, as set
up by shocks launched from the ablation surface:

S (RO < )

TRT (tan0777(/)77) t > t?v

with
Mo =~ Mo =narm ('), (17)
/ ~/ 771 - 770 N ~
~ = ~ - 18
m = My A7 (1 —70) 1, (18)
s1n kc;tt

m = ZnARM kel —ar (19)

Ar

To be explicit, our analytic approximations to ng, 71 and 7 are respectively 7o, 71 and 7}. At the time of peak
acceleration the ablation front is at a Lagrangian radius r,. Each shock transits from the ablation surface at time ¢
to rp in a time tiy .. During this time, the shock takes the perturbation on the ablation surface at shock launch time
narm(t}) and changes it via the damped oscillatory term in Eq. 19. The capsule at 7, is perturbed by the transiting
shock and does not change until another shock transits, at which time the subsequent shock linearly adds to the
existing perturbation. RT growth is determined by the interaction between the ablation surface (which is in state 7jp)
and the shock-perturbed ablator interior at r, (which is in state 7j;). The important parameters in this model are the
ablation and blowoff velocities after shock 1, the post-shock sound speeds, the shock launch times, the shock transit
times to the peak acceleration ablation front radius (~ 800 pm in the laboratory frame), and the RT growth rates,
which depend on the late-time acceleration and ablation velocities.

We now test our model on the nominal picket case. In addition to those parameters already listed, Eq. 16 requires
shock launch times ¢!, post-shock sound speeds ct, and oscillation times ty,. These parameters are listed alongside
post-shock ablation velocities V!, ablation front widths L} and thermal conduction exponents v* in Table II. Clearly,
the ablation front is evolving in time. For now, we ignore the effects of later time shocks on the ablative RM oscillation

and approximate narm =~ nifffl\c/lk 1. 'We explore time dependence below.
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TABLE II: Shock parameters as extracted from the 1D nominal picket simulation. Units are ns and pm.
Shock Number i 1 2 3 4 5

t! 0.0 13.5 15.4 16.8 18.1
iy, 6.5 1.4 08 04 0.2
c 15.5 17.5 20.0 35.0 40.0
Vi 1.0 1.6 2.0 14.0 15.0
L} 1.0 0.3 04 04 1.0
vt 1.3 1.5 1.7 2.0 20

Analytic Growth Factor Parameters
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FIG. 16: The growth factor parameters 1y and 71 — 1o as approximated analytically by 7}, N1 and #o using equations 17 - 19.

Figure 16 shows 7, and 19 — 11 as approximated by 7y, o and 7; in equations 17 - 19 using the nominal picket
parameters. It is noteworthy that our analytically estimated 7| is qualitatively very similar to the njAt extracted
from the nominal picket simulation and shown in Figure 14. However, quantitatively, the analytic n; — 1o is larger
than that extracted from the simulations (ranging from -4 to +3, instead of -2.5 to +1), and the zero crossing location
is at lower mode number (40 as opposed to 80).

Figure 17 shows the model ablation growth factor spectra, Eq. 16, for parameters similar to the nominal picket
simulation. The model ablation front growth factors capture many of the qualitative features present in the full
simulation of Figure 7. Both the slow ablative RM oscillations and the sharp “backtracking” in the zero-crossing
during the RT phase appear. Additionally, the amplitude of the growth factor is similar. However, the model does
not capture all of the dynamics of the full simulations, such as the changes in the ablation front growth factor during
the launches of shocks 2, 3, and 4. As such, the initial conditions at the onset of RT are not identical, and some
differences in the final growth factor zero location are to be expected. Another consequence of the different initial
conditions is the model’s positive growth near mode 140, which disappears in the full simulation. However, considering
the assumptions, the model ablation front growth factors still capture much of the dynamic behavior seen in the full
simulations.

Most importantly, the model can show how slight changes caused by laser picket variations translate into differences
in peak velocity growth factors. Figure 18 shows the zero-growth contour trajectories as calculated by Eq. 16 for
three different values of ablation velocity during the RM phase. The dashed line is the contour for the nominal
picket parameters, while the solid and dash-dot lines are the calculated zero-contours for lowering and raising the
RM ablation velocity by 50 percent, respectively. Increasing the ablation velocity during the RM phase has the same
effects in the model as in the simulations, with the RM and RT zero trajectories moving towards lower mode number.

We now attempt to model the time-dependent nature of the ablation front. Our simulations (and ICF implosions)
include multiply launched shocks that influence the ablation front growth factor spectrum (see Fig. 7). Miklaelian [20]
observed that for classical RM a re-shocked interface will continue to evolve as before but with an additional component
that depends on the change in the interface’s velocity after re-shock Awv. If Av = 0, the interface continues evolving
as if the re-shock never took place. After the time of re-shock, the interface’s perturbation continues to evolve linearly
in time, but with a new slope that has an additional component that is proportional to Av and the amplitude of the
perturbation at the time of re-shock. That is, a re-shock adds a component to the pre-existing RM oscillation that
starts at zero and evolves at a rate that depends on the velocity change induced by the second shock, so that the
amplitude is continuous as a function of time.
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FIG. 17: Model ablation front growth factors as a function of mode number and time as calculated by Eq. 16 for parameters
similar to the nominal picket simulation.

To include the effects of multiple shocks, we adopt a similar prescription, so that each subsequent shock adds a
component to the ablation front growth factor that is proportional to the growth factor at time of shock launch
and grows according to the difference in ablation velocity imparted by the subsequent shock. Additionally, because
narm(t = 0) = 1, we subtract 1 from the additional component for continuity of growth factor.

narm(t) = Z"]ARM () [narm(t —t, Vy = Vit e, V) — 1] (20)

In cases where a shock doesn’t change the ablation velocity, the first term in brackets in Eq. 20 is 1, so no contribution
is added to the growth factor. This is also true at t = tf, ensuring continuity.

Figure 19 shows the ablation front growth factors using the many shock RM model of Eq. 20. The new model more
faithfully captures the simulation dynamics as compared to the single RM case of Fig. 17. In particular, the addition
of shocks 2 and 3 keep the higher modes (I > 100) from becoming positive before the launch of shock 4. Additionally,
after shock 4, the first zero crossing quickly moves to lower mode number as a brief higher mode positive oscillation
appears, and then quickly disappears, as in the simulation. However, the analytic model does not capture all of the
dynamics of the simulations, such as the brief changes in the zero contour at the launching of shocks 2 and 3, which
may indicate that our time-dependent, multi-shock prescription could use improvement.

In any case, the improved fidelity by including the effects of multiple shocks also appears in Fig. 20, a repeat of the
shock 1 V, scan in Fig. 18, but with the multiple-shock RM model. As in the simulations of the three picket pulses,
the zero crossing contour for all values of V! moves to around mode 20 after the launch of the fourth shock. This
suggests that this behavior comes from the influence of the fourth shock on the ablation front growth factor.

Interestingly enough, the lowest mode zero crossing appears to be insensitive to the inclusion of multiple shocks in
the RM formula; the final zero locations in Figs. 20 and 18 are nearly identical. (At high modes, however, this is not
the case, as the single shock formula displays the aforementioned positive oscillation.)

Our analytic model of coupled RM-RT growth can also provide insight into the sensitivity to some 1D parameters.
Firstly, we note that the condition on the final zero crossing x = ny/n0y = —1 is equivalent to 71 = 0, since we
let ny, = (m — no)|y|- The growth factor at late time ¢ > ¢} is dominated by the growing mode and is roughly
n exp(y(t — t}')). To simplify 7, we note that the oscillatory factor in Eq. 19 is nearly unity for all shocks except
shock 1 due to the small oscillation time. Additionally, for shock 1 nARM(tll =0) = 1. As such, a simpler model of 7,
is

sin kcltAr
e + ZUARM th)- (21)
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FIG. 18: Growth factor zero trajectories as calculated by the model of Eq. 16. The dashed line is the zero contour for the same
parameters as in Fig. 17. The solid and dash-dot lines respectively represent lowering and raising the RM ablation velocity by
50%.

To further simplify, we take the model whereby the ablation front growth factor is only given by shock 1, which is
slowly varying in time after the launch of shock 2 (as seen in Fig. 17). This supposition is further supported by the
similarity of the final growth factor zero location in the single shock and multiple shock RM models. Therefore, we
set MARM (t}) = nARM(t%). As such, the seed for RT growth can be approximated by

sin kelth,

2
kil + (n = Dnarm(t7). (22)

m=
Equation 22 supports the intuition that the seed for RT growth scales linearly with number of shocks, especially
because the second term is much larger than the first, even for n = 2. Therefore, absent a change in the RT growth,
designs with five shocks would be expected to have 33% more growth than designs with four shocks. Similarly, designs
with 3 shocks would have 33% less growth. Interestingly enough, the strength of the first shock is important insofar
as it sets the zero of narMm-

To quantify how the strength of the first shock can alter the growth factor zero location we perform a sensitivity
study of the zero of Eq. 22 by independently varying the parameters {tlg,tlAT,ci,Val,L}), v} about their nominal
values of Table II and fitting each sensitivity to a power law. We find that the growth factor zero is most sensitive
to the post-shock ablation velocity (~ (V,})~149), the length of the trough (~ (#?)~%9) and the post-shock sound
speed (~ (c1)%29). The other parameters are sub-dominant, (~ (v1)7999 ~ (L})7995 ~ (¢t4,)%%). As such, we can
combine the main trends from Eq. 22 into a single scaling law for the mode number with zero growth factor, ly:

lo ~ Va_1'49tl_0‘9462'2, (23)

in which we have dropped the superscripts for simplicity, but V, and ¢, are the post-first shock ablation velocity and
sound speed, and t; is the time of the second shock’s launch.

These scalings help explain the trends seen in the full growth factor simulations. As compared to the nominal
picket, V, is 256% higher (25% lower) for the high (low) picket pulses. Similarly, ¢s is 10% higher (13% lower), and ¢,
is 17% lower (7% higher). Therefore, the scaling in Eq. 23, suggests that the high (low) picket cases should have a
growth factor zero that is 0.87 (1.40) times the nominal picket value of 69, or 60 (97). These values are comparable
to the growth factor simulations’ values of 61 for the high picket and 91 for the low picket case.

The zero crossing scaling might also help explain why the final zero from the nominal picket simulations is higher
than predicted by the analytic model. The laser picket causes the ablation front to change significantly during the
first few nanoseconds of the pulse. This motivates excluding the laser picket from the analysis and focusing on the
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FIG. 19: Model ablation front growth factors as a function of mode number and time as calculated with the many shock RM
model of Eq. 20 for parameters similar to the nominal picket simulation.

relatively steady state of the laser trough, effectively shifting the start time of the analysis to the start of the laser
trough. This is consistent with the findings in Ref. [18] of a breakdown of the ablative RM model early time, as
the ablation front establishes itself. By ignoring the laser picket, the trough-averaged ablation velocity is 0.9 pm/ns,
instead of 1.0 ns. (The low and high picket cases change by similar amounts.) Additionally, ¢; is effectively 3 ns
shorter, if the ablation front oscillations start at the end of the laser picket instead of the start. This implies #; should
be 10.5 ns instead of 13.5 ns. Therefore, Eq. 23 says that the growth factor zero at 42 should be 1.48 times higher,
or 62, which is much closer to the simulations value of 69. This scaling estimate is consistent with the multi-shock
analytic growth factor spectrum in Fig. 21 that has [y = 58, in which we have set tll =3 ns, V! = 0.9 yum/ns, and
n(t < t})=1.0.

Taken as a whole, our simulations and model show that implosions with stronger first shocks have zero-crossings
at lower mode number because of an increased ablative RM oscillation frequency. The effects of early-time drive on
peak-velocity growth factors comes from the launching of later-time shocks, which carry the surface RM oscillation
and imprint the entire ablator with a perturbation before the onset of RT growth.

V. CONCLUSIONS

Hydrodynamic growth in NIF ignition capsules involves the interplay of the Richtmyer-Meshkov and Rayleigh-
Taylor instabilities. This interaction determines whether surface perturbations grow inward or outward by the time of
peak implosion velocity. Simulations of NIF implosions show that the strength of the first shock can alter the modal
demarcation between positive and negative linear growth.

Our growth factor simulations show complex time-dependent behavior, but the physical process appears relatively
simple: everything flows from the ablation surface. The first shock sets up an ablative Richtmyer-Meshkov oscillation
on the ablation surface. Subsequent shocks carry this RM information and perturb the capsule interior, ahead of
the ablation front. As the ablation surface begins to accelerate, it experiences an effective “growth factor velocity
perturbation” (7)) from entering the wakes of these previously launched shocks. This perturbation strikes the ablation
surface, which then experiences ablative RT growth until peak velocity. The interaction of the ablation surface and
the perturbed capsule interior determines the final location of the ablation front growth zero.

It should be noted that our simulations show evolution that is dominated by the ablation front, and that hydrody-
namic growth in implosions whose interior interfaces are more unstable could be more complex.

We have developed a simple analytic model for the growth at the ablation surface that captures some of the key
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FIG. 20: Growth factor zero trajectories as calculated by the many shock RM model using Eq. 20. The dashed line is the zero
contour for the same parameters as in Fig. 17. The solid and dash-dot lines respectively represent lowering and raising the RM
ablation velocity by 50%.

dynamics of the simulations. In particular, we have shown how stronger first shocks lead to faster ablative RM
oscillations, which translate to a lower mode number for zero growth throughout the entire implosion. This behavior
may help explain why measurements of NIF capsule growth with “high foot” pulses have near zero growth at mode
90, where “low foot” pulses have positive growth [11, 21-23]. Furthermore, the experimental data suggest that the
low foot has [y at much higher mode number than the point design of our simulations. This behavior is consistent
with the reduced effective drive necessary to match shock timing measurements [24]; a weaker early time ablation
velocity pushes [y to higher mode number.

Our model provides a framework for exploring such effects as the number of launched shocks and shock timings on
growth factor zero locations. The simple analytic model illustrates that the length of the laser trough and the ablation
velocity and sound speed during that time are largely responsible for setting the mode that will have zero growth
during late time acceleration. A scaling law based on these three parameters captures the relative difference seen
in full radiation-hydrodynamic simulations of capsule implosions with different laser pulses. The number of shocks
appears important in-so-far as each shock after the first linearly adds to the seed perturbation.

Interestingly enough, the dynamics of our simulations complicate the picture of RT feed-through from the ablation
surface to the capsule interior [1]. This is because late-time shocks carry the perturbations volumetrically throughout
the capsule ahead of the ablation surface. Figure 10 shows that by peak implosion velocity, the growth factor on the
inside of the ablation surface does not appear to follow the simple ~ exp (—kAx) relationship expected from pure
RT feed-through from the ablation surface. Since the late-time shocks bring the ablation surface perturbation to the
capsule interior, the perturbations on the inner ablator surfaces are coupled to those on the ablation front before
the onset of RT growth. Certainly the RT ablation front growth feeds-through to the capsule interior and interacts
with the perturbation already there, but merely increasing the thickness of the capsule ablator might not de-couple
ablation front and fuel-ablator growth. That is, even with a very thick ablator, shocks can still bring ablation front
perturbations to interior interfaces. Should interior capsule interfaces be unstable during acceleration or deceleration,
seeds that originated on the ablation surface can grow on the fuel-ablator interface, even if the ablator is still very
thick.

Finally, it may be possible to use the trends in this work to engineer the location of Iy, by using the first shock to
place it either at the statistical peak of surface perturbations (per Fig. 1), or at the peak of the RT growth spectrum.
An investigation of this possibility seems worthwhile.
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FIG. 21: Ablation front growth factor spectrum using the multi-shock prescription of Eq. 20 and the nominal picket parameters
in Tab. II, but with ¢} = 3 ns and V! =0.9 pm/ns, which start the analysis after the laser picket.
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Appendix

For a planar system undergoing ablative RM oscillations [18], the growth factor of mode k can be described
analytically as

kest t
narm(k,t) = =Ny (1+7) / dt’/ dt" Jo(t") + Jo(kest) — kest
0 0

Jl (kcst)
kegt

—4N, Y + e 2Val [0 cos (wt) + Bo sin (wit)] + ng, (A24)

In general, Eq. A24 describes an oscillation of frequency w(k) = kv/V,V; that depends on the ablation velocity V,
and the velocity of the blow-off plasma V}. The post-shock sound speed is ¢s, and Jy and J; are Bessel functions. The
first shock’s vorticity contributes ng. We now apply the parameters of our simulations to derive Eq. 7 from Eq. A24,
describing Ny, T, ag, By and nq in turn.

The N7 and T functions depend on the shock Mach numbers in the laboratory and post-shock fluid frames, M,
and M, and the density jump due to the shock R:

r_ (1—ME) (1+3M;2) (A25)
OB+ M) 1+ M) +2(1+3M7)
M2(R—1)

3+ M2

Ny = —4 (A26)
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The fluid-frame Mach number M; is related to the shock Mach number M, by

M2R
M2=——1 A27
* (1+RM?-1 (A27)

In our simulations, the ablation front RM oscillation is set by the strong first shock, with R ~ 3 and M2 > 1, so

1 1
My~ —— = —. A28
! 1+R 2 (428)
Therefore, N1 and T reduce to
4 (R—-1 2
N ~ ——[=—2)=-2 A29
! 3 (R+ 1) 3 (A29)
R 1
T~ ———— =, A30
12+5R 9 ( )
Other terms in the ablation front growth factor are the constants ag and Sy:
ap =14 Ni(1+37) —na(0), (A31)
Bo = —Ni(1+ ) o + /B [l +2+ 2N (1+37T) = 300 (0)] | (A32)
U ~ R Vi Nics )| — Vi s
= e () = -] (433)
~ s Mi(R—1) MZ43 ] _ 76\ cs
na(0) = Nlc?b 1+M; [1 + T(1+Ml)2} - (%) XCZ (A34)
So that oy and By reduce to
1 376\ cs
~ — — | = A35
" 9*(729)%’ (A35)
and
20 ¢4 Vol 16 W 295\ ¢4
~ = — |- == — ) —=. A36
TN AT Vb[ 9o +(243) Vb] (A30)

The contribution to the ablation front growth factor from vorticity deposited by the first shock, nq(k,t), is given
by [18]

cs 1 — M2
kot) o~ Ny ——5- M (R — 1) "ot
77(2(7) 1% 1—M12 1( )6 X
o . M2+ 3
/ e=lsinh | [Jl(n) it 2J3(77)} dn, (A37)
kVat/| sinh 6, | 1—Mj
which depends on the function 6:
_ 24 (y—1)M?2
0, =tanh™* /| —— L 15 A38
s 2yM2 — (v - 1) (A38)
The ratio of specific heats v can be determined from the change in density due to the strong first shock:
v+1
—_— . A
o) R (A39)
Since R ~ 3, v = 2. In our simulations, the first shock is strong, with M2 > v ~ O(1), so 6, can be reduced:
-1
6, ~ tanh ™" M (A40)

2y
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FIG. 22: Vorticity contributions to the ablative RM growth factor from numerically integrating Eq. A42 or using the approxi-
mation in Eq. A45.

Furthermore, since sinh(tanh™*(z)) = /v/1 — 22,

sinh 65 ~ ,/% = % (A41)

Then, with a change of integration variables, dropping the M 2 term, and substituting N; = —2/3 and T = 1/9,
Eq. A37 simplifies to

8v3 cs R 13
ng(kﬂf) ~ _\;»%ekVat /kv te T [Jl (\/§T> + EJS (\/57)} dr. (A42)

Substituting Eqs. A29, A30, A35, A36 and A42 into Eq. A24 yields Eq. 7.
The vorticity integral, Eq. A42, can be solved numerically, which we do for all figures in the main text using

quadrature integration. But we note that for ease of computation, it can be approximated by recognizing that the
integrand has a closed-form solution for kV,t = 0:

/OOO e 7 |:J1 (\/57') + ;Jg (\/§T>:| dr = % (A43)

The integral from 0 to kV,t is sigmoidal and oscillatory, and can be approximated by a generalized logistic function
early in time that oscillates and decays at large values of kV,t:

v 13 47 1 sin (2v/3)
T (VBT) 4 o (VBT [ dr = . Ad4
/0 e [1 V37 + 5273 V3r) | dr 53 | Tr e300 T aewm (Ad4)
Therefore, the vorticity contribution can be approximated as
s 1 in (kV,tv3
ne(k,t) ~ 3766 kvie | n sin (kVatv'3) ' (A45)
729 V,, 1+ e 3(kVat=0.55) © 9ekVat \/EV ¢

Using Eq. A45 as a substitute for Eq. A42 leads to a small error in the total growth factor at low mode numbers at
early time, but is easier to implement numerically. At late time, the vorticity contribution decays as sin(kV,t)/vkV,t,
as shown in Ref. [18]. Figure 22 compares Eq. A42 and Eq. A45 and shows that the error from using the approximation
are small for relevant values of kV,t.
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